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Interband pairing theory of superconductivity
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A model for high-temperature superconductors based on the idea of Cooper pairs comprised of electrons
from differentbands is studied. We propose that the two bands relevant for the cuprates are comprised of Cu
dx22y2, dz2, planar Ops , and apical Opz orbitals. Along the diagonal,kx5ky in the Brillouin zone, the
two-band Fermi surfaces may cross. We associate the optimal doping for the highestTc with this point because
only in the vicinity of this touching point are interband Cooper pairs energetically possible. Due to the lack of
time-reversal invariance of an interband Cooper pair with itself, the standard interpretation of Josephson
tunneling is altered such that the detailed nature of the single-particle tunneling matrix elements contributes to
the supercurrent. Thedx22y2 gap observations from Josephson tunneling are shown to arise from our model
with pairing due to phonons. A Hubbard model is written down for the two bands at the Fermi energy with
realistic parameters for La1.85Sr0.15CuO4. The anomalous normal-state features in the NMR are calculated and
qualitatively explained as due to the character of the two bands in the vicinity of the crossing point. The Hall
effect is calculated using standard Bloch-Boltzmann transport theory. The observed strong temperature depen-
dence of the Hall coefficient is reproduced and is due to the strong reshaping of the current-carrying band
Fermi surface due to band repulsion with the other band for dopings very close to the Fermi-surface touching
point. Reasonable quantitative agreement is also obtained for the NMR and Hall effect. A linear resistivity at
optimal doping is expected due to the proximity of the second band ink space which can strongly relax the
current and the ‘‘smallness’’ of the current-carrying Fermi surface.@S0163-1829~98!04142-3#
an
s.
a

n-

n
a

c
ys
h
th
s
le
th
i
a
d

lv

n

e

a

e
u

y

of
at

op-
dy
hat
but
sid-
anti-

es

m-
ing

-
en-
r-
ture
in

nd
nal

O
pec-
ith

nar
I. INTRODUCTION

In a previous publication the author proposed an interb
pairing ~IBP! model for high-temperature superconductor1

We suggested that the fundamental idea of Cooper p
composed of electrons in statesk↑ and2k↓ be retained but
rather thank↑ and2k↓ being from the same band, we co
sider pairs such thatk↑ and2k↓ come fromdifferentbands
at the Fermi surface. Such Cooper pairs, if they exist, are
time-reversal invariant with themselves in contrast to
BCS-like ~intraband! Cooper pairs. The full Hamiltonian is
time-reversal invariant, though. We showed that with su
interband pairs, the orbital character of the two bands pla
significant role in all Josephson tunneling experiments. T
phase difference across a junction is no longer simply
phase difference of the two gap functions but also include
contribution due to the phases of the hopping matrix e
ments across the junction. With BCS-like Cooper pairs,
product of the single-particle tunneling matrix elements
mod-squared due to the time-reversal invariance of the p
This is not the case with IBP. We suggest that the observe2,3

dx22y2 character of the Josephson tunneling can be reso
by an ‘‘s-like gap’’ coupled with a ‘‘dx22y2’’ Cooper pair.
These issues will be explained in detail below.

Clearly, in order to have any possibility of creating a
interband Cooper pair, (k↑U ,2k↓L) where U,L are labels
for the two distinct bands~eventually taken to represent th
upper and lower bands!, the single-particle energiesek

(U)

5e2k
(U) , ek

(L)5e2k
(L) must be close to the Fermi energy. Such

circumstance is easily available when theU and L band
Fermi surfaces intersect. Of course, bands repel each oth
general unless there is a symmetry that forbids mixing. Th
PRB 580163-1829/98/58~18!/12307~16!/$15.00
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Cooper pairing will occur in the vicinity of special symmetr
points in the Brillouin zone.

Our previous paper dealt with the unphysical situation
two distinct bands with exactly coincident Fermi surfaces
a given doping which was associated with the optimal d
ing for superconductivity. In this regard, the previous stu
of IBP must be regarded as an overly simplistic model t
serves to illustrate some of the general principles of IBP
cannot account for quantitative features. This paper con
ers realistic bands for the cuprates and derives some qu
tative consequences of the theory.

We propose the two relevant bands for high-Tc are com-
prised predominantly of Cudx22y2, Cu dz2, planar Ops ,
and apical Opz orbitals. The two bands are strong mixtur
of these orbitals except at specialk points only. A simple
Hubbard model is written down for the system. The para
eters used in our Hubbard model are derived in the follow
paper by Perry and Tahir-Kheli4 usingab initio calculations
on finite clusters for La1.85Sr0.15CuO4. Contrary to the results
of local-density approximation~LDA ! band-structure calcu
lations on the cuprates, we find two bands at the Fermi
ergy comprised primarily of the above orbitals. The diffe
ence between our results and previous band-struc
calculations is due to correcting the self-interaction energy
LDA. The optimal doping is the doping where the two-ba
Fermi surfaces touch. This can happen along the diago
wherekx5ky . La1.85Sr0.15CuO4 is primarily considered here
so the three-dimensional~3D! dispersion is small.

The NMR spin-relaxation rates at the planar Cu and
nuclei are estimated with these bands and so are the res
tive Knight shifts. Reasonable quantitative agreement w
many of the anomalous NMR properties5–11 is obtained. The
dramatically different temperature dependences of the pla
12 307 ©1998 The American Physical Society



o
tw
a

he
to

op

r
gh
ai
om
n

O

te
t

-
th
t

re

a-
th
ob
am
fe
r

rti

il
ld
e
i
u

g
d
U
c

ne
i
e
t

ne

r
ng

ita-
en-
y of

g.

t

g
al
ge

ly

op-
hat

ed
for
if

en-
ng
sion

a

tive

is
e
irs

ing.

the
to
P
y

gth
ed

12 308 PRB 58JAMIL TAHIR-KHELI
Cu and O spin-relaxation rates is due to the conspiring
several important aspects of the orbital characters of the
bandsU andL at the Fermi energy. The major reason is th
there are two possible orbitals on the Cu,dx22y2 and dz2,
whereas there is only one important orbitalps on the planar
O. The second most important reason is that theL band is
almost full at optimal doping and the orbital character of t
availableL k states is dominated by the character at the
of the band atk5(p,p).

The large spin-relaxation anisotropy10 on the Cu site is
discussed and we argue this is due to a small mixture ofdxy
character in the two bands. We show that mixing ofdxy of a
few percent is sufficient to produce the observed anisotr
ratio of '3.4.

The Cu and O Knight shifts are shown to have similaT
~temperature! dependence to the O relaxation rate althou
strictly speaking, we expect deviations to exist. Once ag
the above-mentioned reasons for the relaxation rates c
into play. Finally, we show that the extra 3D dispersion o
expects for these bands in optimally doped YBa2Cu3O7 can
resolve the lack ofT dependence of the Knight shifts and
relaxation rate observed for this cuprate.

With the same parameters, the Hall effect is calcula
using standard Bloch-Boltzmann theory and is shown
have the observed monotonic decreasingT dependence vary
ing by '40% over the temperature range compared to
experimental12 value of '50%, with absolute values abou
13 times larger than measured values.

The linear resistivity is also obtained due to phonon
laxation across the bands. The sensitivity ofRh andr to the
doping follows naturally from the model. The qualitative fe
tures of the above experiments are straightforward from
considerations presented here. These features are very r
and do not depend sensitively at all on the choice of par
eters used. This is particularly gratifying because these
tures are observed for a variety of different materials. De
vations of so many of the anomalous normal-state prope
of the cuprates lends confidence to the overall theory.

Section II motivates and defines the IBP model. A Ham
tonian is written down and solved within the BCS mean-fie
approximation. The orbital character of our bands is chos
The optimal doping for superconductivity as the Ferm
surface touching point is discussed. The lack of a uniq
phase for the attractive coupling matrix elementVkk8 is dis-
cussed and the difference between Josephson tunnelin
standard BCS-like intraband pairing and IBP schemes is
rived. IBP due to coupling through phonons is proposed.
to this point the arguments and equations presented in Se
are quite general. There are several different chan
through which IBP could occur. One particular channel
chosen and we restrict ourselves to singlet pairs only. Th
is nothing in the general theory that precludes IBP due
phonons with triplet pairs as far as we can see.

The four key Josephson tunneling experiments2,3,13,14are
discussed. We show that with our choice of pairing chan
the two ‘‘d-wave’’ results of Wollmanet al.2 and Tsuei
et al.3 can be understood. Our theory also predicts ‘‘d-wave’’
in contrast to the observedc-axis tunneling of Sunet al.13

We are unable at present to decide whether the ‘‘s-wave’’
result of Chaudhari and Lin14 supports or contradicts ou
model due to the complexity of the single-particle tunneli
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matrix elements in this case. Section III presents quant
tive calculations of the various normal-state properties m
tioned above and the final section is devoted to a summar
our results.

II. INTERBAND PAIRING MODEL

A. The model

The Tc of the cuprates is quite sensitive to the dopin
Typically, there exists one optimal doping15 for the highest
Tc and a rapid change inTc above and below this doping. A
notable exception is Y-Ba-Cu-O,16 where one may argue tha
there are two optimal dopings,Tc562, 92 K with an inter-
mediate crossover regime. An explanation for twoTc re-
gimes in Y-Ba-Cu-O is discussed using IBP in the followin
paper.4 Regardless, whether we argue for one or two optim
dopings for Y-Ba-Cu-O, it is natural to associate the chan
in Tc with doping to an attractive coupling that is strong
doping dependent. Experimentally,17 many normal-state
properties are simultaneously strongly dependent on the d
ing. Thus, one is led to propose a bosonic excitation t
couples to the electronic charge where either~or both! the
bosons or their electronic coupling is strongly renormaliz
by the doping level. Rather than such dynamic schemes
the change in the attractive coupling with doping, we ask
there exists a simple kinematic scheme for the doping dep
dence ofTc . In such a scheme, we hope to find a pairi
strength that weakly depends on doping with the suppres
of Tc due primarily to a kinematic mechanism. IBP is such
mechanism.

Consider two bands labeledU and L with dispersions
ek

(U) , ek
(L) and further suppose there exists some attrac

coupling leading to Cooper pairs of the form (kU↑,2kL↓)
and (kL↑,2kU↓). In general,ek

(U)Þek
(L) . It is only when

ek
(U) andek

(L) are both close to the Fermi energy that there
any possibility of a lowering of the overall energy by th
formation of a Cooper pair. In BCS superconductors, pa
are formed fork states satisfying

uek2eFu,\vD , ~1!

where\vD is the Debye energy andeF is the Fermi energy.
For IBP, the analogous criteria are

uek
~U !2eFu,\vD , ~2!

uek
~L !2eFu,\vD . ~3!

For BCS superconductors, there are alwaysk states in the
required energy range for pairing regardless of the dop
This is no longer the case for IBP because Eqs.~2! and ~3!
must both be satisfied. It is only for special dopings that
U band andL band Fermi surfaces touch or are close
touching that any possibility exists for IBP. Hence, with IB
the doping sensitivity ofTc can be understood quite simpl
as due to the change in the minimal separation ink space of
the U andL band Fermi surfaces. No change in the stren
of the pair attraction is required. In effect, we have replac
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the requirement of a doping-dependent pairing interaction
a geometric argument based upon the band energy di
ences ink space.

Away from the band crossing point where Eqs.~2! and~3!
cannot both be satisfied, we expect BCS-like pairs to
formed. These will couple to the interband pairs. This rec
ers the full phase space near the Fermi surface for pair
Here we consider only the IBP to IBP coupling.

We will of course, take the mediator of the interba
attraction to be phonons as in BCS. Because our pairs
comprised of electrons from two bands, the standard a
ments for an upper bound ofTc'30 K do not apply. This is
certainly gratifying as it does not exclude IBP with phono
as a theory for high-temperature superconductors. At pre
we have no estimate for the expected range of values foTc
with our mechanism.

There are some important differences between the pai
terms in the interband Hamiltonian and a BCS Hamiltoni
In order to highlight these differences we will briefly re
erive some of the well-known aspects of the BCS Ham
tonian in order to both generalize to IBP and to establish
notation.

In general, spin is conserved. Thus, there are two kind
scatterings of BCS-like (k,2k) pairs: singlet to singlet, and
triplet to triplet. Let the matrix elements for scattering
(k,2k) singlet ~triplet! to a (k8,2k8) singlet ~triplet!,
no
y
r-

e
-
g.

re
u-

nt

g
.

-
r

of

1

&
~fkf2k6f2kfk!

1

&
~↑↓7↓↑ !

→
1

&
~fk8f2k86f2k8fk8!

1

&
~↑↓7↓↑ ! ~4!

be Vk8k
0 (Vk8k

1 ). fk is a single-particle wave function of mo
mentumk. The first important point is that althoughfk is
uniquely defined only up to a phasefk→eiu(k)fk , with
u(2k)52u(k), Vk8k

0,1 is uniquely defined due to the time
reversal invariance of a pair with itself.

The Hamiltonian being Hermitian meansVk8k
0,1

5Vkk8
0,1* and

the time-reversal invariance ofH implies Vk8k
0,1

5Vkk8
0,1 . Thus,

Vk8k
0,1 is always real. In second quantized form,

1

&
~fkf2k6f2kfk!

1

&
~↑↓7↓↑ !

5
1

&
~ak↑

† a2k↓
† 7ak↓

† a2k↑
† !, ~5!

whereaks
† is the creation operator for an electron in statefk

with spin s. The general pair-pair interaction is
(
k8k

Vk8k
1 H 1

2
~ak8↑

† a2k8↓
†

1ak8↓
† a2k8↑

†
!~a2k↓ak↑1a2k↑ak↓!1ak8↑

† a2k8↑
† a2k↑ak↑1ak8↓

† a2k8↓
† a2k↓ak↓J

1(
k8k

Vk8k
0 S 1

2D ~ak8↑
† a2k8↓

†
2ak8↓

† a2k8↑
†

!~a2k↓ak↑2a2k↑ak↓!, ~6!
-

of

e-
which can be expressed as

(
k8k

Vk8kak8↑
† a2k8↓

† a2k↓ak↑

1(
k8k
s

1

4
~Vk8k2Vk82k!ak8s

† a2k8s
† a2ksaks , ~7!

where

Vk8k5
1

2
@~Vk8k

0
1V2k82k

0
1Vk82k

0
1V2k82k

0
!

1~Vk8k
1

1V2k82k
1

2Vk82k
1

2V2k8k
1

!#. ~8!

From the relations forVk8k
0,1 , we haveVk8k5Vkk8 in gen-

eral, andVk8k5Vk82k for pure singlet pairing, andVk8k5
2Vk82k for pure triplet pairing. Finally,Vk8k is always real
and uniquely defined. For phonon coupling,Vk8k is constant
leading to pure singlet pairs. The symmetry ofVk8k deter-
mines the total spin of the Cooper pairs in BCS. This is
true for IBP.

For IBP, let the matrix elements for the scatterings
t

1

&
~fUkfL2k6fL2kfUk!

1

&
~↑↓7↓↑ !

→
1

&
~fUk8fL2k86fL2k8fUk8!

1

&
~↑↓7↓↑ ! ~9!

beVk8k
0 , Vk8k

1 . Here,fU,Lk are the single electron wave func
tions for each band with momentumk. In this caseVk8k

0,1 is no
longer uniquely defined for a change in the definitions
fUk andfLk ,

fUk→eiuU~k!fUk , ~10!

fLk→eiuL~k!fLk , ~11!

whereuU,L(2k)52uU,L(k) implies

Vk8k
0,1→e2 i @uU~k8!2uL~k8!#ei @uU~k!2uL~k!#Vk8k

0,1 . ~12!

The Hermiticity implies,Vk8k
0,1

5Vkk8
0,1* and time-reversal

symmetry leads toVk8k
0,1

5V2k2k8
0,1 rather thanVk8k

0,1
5Vkk8

0,1 for
BCS. This is due to interband Cooper pairs not being tim
reversal invariant with themselves.

The general pair-pair interband pairing interaction is
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(
k8k

Vk8k
1 H 1

2
~aUk8↑

† aL2k8↓
†

1aUk8↓
† aL2k8↑

†
!~aL2k↓aUk↑1aL2k↑aUk↓!1aUk8↑

† aL2k8↑
† aL2k↑aUk↑1aUk8↓

† aL2k8↓
† aL2k↓aUk↓J

1(
k8k

Vk8k
0 S 1

2D ~aUk8↑
† aL2k8↓

†
2aUk8↓

† aL2k8↑
†

!~aL2k↓aUk↑2aL2k↑aUk↓!. ~13!
ak

dl
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These equations make it clear that one cannot even spe
the symmetry of the pairingVk8k without first specifying the
phase convention on the single-particle orbitals. Secon
say we found a phase convention such thatVk8k

0,1 is pures-
wave. Unlike BCS phonon pairing, IBP does not preclu
triplet pairing due to phonons. Experimentally, pure trip
pairs are not consistent with the observed Josephson tun
ing between a BCS superconductor and the cuprates. T
must be some singlet pairs for tunneling to occur. This d
not exclude the possibility of some pairs being triplet pair
though. For the rest of this paper however, we will on
consider the case of pure singlet pairs, i.e.,Vk8k

1
50.

The IBP Hamiltonian becomes

H5(
ks

@ek
~U !aUks

† aUks1ek
~L !aLks

† aLks#

1(
k8k

1

2
Vk8k~aUk8↑

† aL2k8↓
†

2aUk8↓
† aL2k8↑

†
!

3~aL2k↓aUk↑2aL2k↑aUk↓!, ~14!

where we writeVk8k5Vk8k
0 for simplicity.

In the pairing approximation, we consider excitations
the form,

c0~k!5~uk1vkaUk↑
† aL2k↓

† !u0&,
~15!

p0~k!5~12 f k
~U !!~12 f k

~L !!,

c1~k!5aUk↑
† u0&, p1~k!5 f k

~U !~12 f k
~L !!, ~16!

c2~k!5aL2k↓
† u0&, p2~k!5~12 f k

~U !! f k
~L ! , ~17!

c3~k!5~2vk1ukaUk↑
† aL2k↓

† !u0&, p3~k!5 f k
~U ! f k

~L ! ,
~18!

uuku21uvku251 ~19!

with probabilitiespi(k) where f k
(U) and f k

(L) are the occupa-
tion numbers ofU and L band particles of momentumk.
There are four other excitationsc4 ,...,c7 obtained from the
above by replacingaUk↑

† aL2k↓
† with aL2k↑

† aUk↓
† in c0 and

c3 , aUk↑
† with aL2k↑

† in c1 andaL2k↓
† with aUk↓

† in c2 . The
ordering of the creation operators is chosen such that Co
pairs consist only of singlet pairs.

The coefficientsuk andvk are chosen to minimize the fre
energyF5H2mN2TS. The solution is

uuku2512uvku25
1

2 S 11
jk

Ek
D , uk* vk5

Dk

2Ek
, ~20!
of

y,

e
t
el-
re
s
,

f

er

jk5vk2m, vk5
1

2
~ek

~U !1ek
~L !!, ~21!

Ek5Ajk
21uDku2, ~22!

Ek
~U !5

1

2
@ek

~U !2ek
~L !#1Ek , ~23!

Ek
~L !52

1

2
@ek

~U !2ek
~L !#1Ek , ~24!

f k
~U !5

1

ebEk
~U !

11
, f k

~L !5
1

ebEk
~L !

11
, ~25!

with gap equation

Dk5(
k8

Vkk8

Dk8
2Ek8

~12 f k8
~U !

2 f k8
~L !

!. ~26!

Conservation of the total number of particlesN leads to an
equation for the chemical potentialm

N5(
k

2uvku2~12 f k
~U !2 f k

~L !!1~ f k
~U !1 f k

~L !!. ~27!

Unlike BCS, the quasiparticle excitation energies are d
ferent for theU and L particles and are given byEk

(U) and
Ek

(L) . These energies are the sum of half the difference in
U andL band energies and the termEk which is analogous to
the BCS quasiparticle energy. The most important point
all is that, although the sumEk

(U)1Ek
(L)52Ek is always posi-

tive, the U or L excitation energy can be negative or ha
lower energy than the gap energyD. This piece of physics
will be considered in more detail below.

Also, the BCS quasiparticle energyEk is formed from a
bandvk that is the mean of theU andL bands. One can se
why this is the case by noting that in the BCS ground sta
pairs are either fully occupied or completely unoccupie
The individual band energies always appear summed
gether,ek

(U)1ek
(L)52vk . For these states, the system ‘‘do

not know’’ that theU andL pairing electrons have differen
energies. The three equations for the pair occupation am
tudesuk andvk , incorporate the difference between the tw
band dispersions only through the gapDk . This is to be
expected by the same argument as above becauseuk andvk
represent pair occupations. Similarly, the gap equation inc
porates theU andL band differences through the quasipar
cle occupation numbers,f (U) and f (L).

Looking at the expressions for the quasiparticle excitat
energiesEk

(U) andEk
(L) , one sees that the size of the diffe
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ence in energies of the two bandsek
(U)2ek

(L) is what deter-
mines the size of the excitation. A negative energy impl
that no Cooper pair is formed atT50. Instead, there is a
single free electron in one band and no electron in the ot
When ek

(U)2ek
(L) is large, it is energetically unfavorable t

occupy bothk states or empty bothk states. Thus no pair is
formed. In this case, we expect BCS-like pairs to be form
Near a Fermi-surface touching point,ek

(U)'ek
(L) . Therefore,

interband pairs are always energetically favored.
These equations are very similar to the equations for g

less superconductivity.18 In gapless superconductivity, an↑
spin electron has a slightly different dispersion than the↓
spin electrons due to the presence of magnetic impurit
These↑ and↓ spin bands are analogous to theU andL bands
in IBP.

B. The two relevant bands

Perry and Tahir-Kheli4 have calculatedab initio the exis-
tence of two bands near the Fermi energy
La1.85Sr0.15CuO4. The results of that work are briefly sum
marized in this subsection.

La2CuO4 has two structural phases: a high-temperatu
body-centered-tetragonal crystal withD4h point group and a
low-temperature orthorhombic lattice withC2h point group.
In the low-temperature phase, the CuO6 octahedra are tipped
by 4.3° from their high-temperature positions thereby red
ing the symmetry of the crystal. The low-temperature ph
is the structure for superconductivity. In the tetragonal cr
tal, there are two reflection planes defined by thez axis and
the linesx5y andx52y, respectively. For the orthorhom
bic crystal, there is only one reflection plane defined by thz
axis andx5y.

In either case, there will be a rigorous band crossing al
kx5ky for our two bands. The tetragonal phase will al
have a crossing alongkx52ky . The orthorhombic phase
will come close to crossing alongkx52ky , but cannot
cross. For IBP to occur, it is imperative that a crossing ex
otherwise it is hard to see how IBP can overcome the b
repulsion. For the remainder of this paper and in the follo
ing paper, we will take the La-Sr-Cu-O crystal structure to
the high-temperature tetragonal phase for simplicity. T
small difference in structures can have a big effect onTc ,
but for most normal state properties, the difference will
small.

In undoped La2CuO4, the O sites have a formal charge
22, the Cu charge is12 and is in ad9 state. The point
charge field on the Cu site due to the surrounding ato
make thedx22y2 orbital the most unstable leading to holes
this orbital in the undoped system. The next highest~un-
stable! orbital on the Cu isdz2 due to the field of the apica
oxygens. Undoped, each Cudx22y2 has a single electron an
dz2 has 2 electrons. We propose that as the system is do
s

r.

.

p-

s.

r

-
e
-

g

t,
d
-
e
e

e

s
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to its metallic/superconducting phase, holes start to appea
the Cudz2 orbital. At an arbitraryk point in the Brillouin
zone,dz2 can mix withdx22y2, O ps , and apical Opz orbit-
als. Thus, the two relevant bands at the Fermi energy
comprised primarily of these four orbitals.

This assumption of the existence ofdz2 holes near the
Fermi energy along with the assumption of interband pair
must be regarded as the two most important postulates o
IBP model for the cuprates. The former postulate is d
cussed in detail using ab-initio calculations on small clust
in the following paper4 where we conclude that there are tw
bands near the Fermi energy with the character descr
above.

We will call the two bands the upper~U! and lower~L!
bands whereek

(U)>ek
(L) . The lower band should be full o

almost full in the undoped case and the upper band is
full with all of its holes predominantly ofdx22y2 character.
For La-Sr-Cu-O, theU and L bands will be almost com-
pletely 2D, while for optimally doped YBa2Cu3O7, the bands
will have a measurable amount of 3D character. Underdo
YBa2Cu3O6.63 will have less 3D dispersion than optimall
doped YBa2Cu3O7 ~YBCO!. Additionally, for YBCO there
are potentially four relevant bands due to the two C
planes per unit cell. Here, we restrict our attention to La-
Cu-O and briefly discuss the differences to expect for YBC
where appropriate.

The unit cell of two formula units of La2CuO4 is tetrago-
nal with lattice spacinga54.0 Å in thex, y directions and
c512.0 Å in thez direction. The Brillouin zone of the primi-
tive unit cell is given by 2p/a<kx<p/a, 2p/a<ky
<p/a, 22p/c<kz<2p/c.

To a first approximation, we may take theU andL bands
for La-Sr-Cu-O to be purely 2D and add in the weakz-axis
dispersion as a first-order perturbation. This is done prim
rily for further computational simplicity and to convey th
key aspects of the model. A more correct description will n
qualitatively alter the behaviors we obtain for the NMR a
Hall effect and more importantly, will not affect the gener
arguments for the various normal-state properties.

The relevant orbitals aredz2, dx22y2 on the Cu,ps orbit-
als on the two planar O sites~s along the CuO bond direc
tion!, and pz orbitals for the two apical O sites above an
below the Cu atom. Additional orbitals that appear are
Cu 4s, dxy , and Opp in the plane and thepx , py orbitals on
the apical O’s. None of these additional orbitals will lead
a big change in the band structure but can affect the NMR
particular, a small amount of Cu 4s is required for an under-
standing of the sign of the Knight shift on Cu and some~a
few percent! dxy is necessary for explaining the large aniso
ropy in the Cu spin-relaxation rates for planar andz-axis
magnetic fields.

The tight-binding Hubbard model is~we use the electron
picture!,
H5Horb1Hhop, ~28!

Horb5(
ns

edx22y2dx22y2ns
† dx22y2ns1edz2dz2ns

† dz2ns1(
ns

eps
~pxns

† pxns1pyns
† pyns!1epz

~pUzns
† pUzns1pLzns

† pLzns!,

~29!
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Hhop56tx22y2,s (
^nm&

s

dx22y2ns
†

~pxms1pyms!6tz2,s (
^nm&

s

dz2ns
†

~pxms1pyms!

1~6tss! (
^nm&s

pxns
† pyms1~6tpz ,dz2!(

ns
dz2ns

†
~pzUns2pzLns!1tpz ,pz(ns

pzUns
† pzLns

1~6tssa! (
^nm&s
same
axis

~pxns
† pxms1pyns

† pyms!1~6tpz ,s! (
^nm&

s

~pzUns
† 2pzLns

† !~pxms2pyms!1c.c., ~30!
e
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tr
a
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wheredz2ns
† creates adz2 orbital with spins at siten. pxns

†

(pyns
† ) creates aps electron on a planar O site along th

x(y) axis andpzUns
† (pzLns

† ) creates apz electron on the
apical O site above~below! the CuO plane.edz2 is the self

~orbital! energy of thedz2, etc. Thet’s are the various hop
ping matrix elements. The6 sign in front of the hopping
matrix elements represents the fact that the sign of the ma
element depends on the relative position of the two relev
orbitals.^nm& represents neighboring sites. The values of
parameters are shown in Table I. The values in Table I
the hoppingt’s are for the antibonding combination of th
two relevant orbitals.

Except for the value of the differenceedz22edx22y2 , there
is nothing particularly surprising or out of the ordinary wi
these parameters.edz22edx22y2 being positive is what brings

the dz2 orbital up to the Fermi energy. This is the essen
parameter for a two-band description~like ours! of supercon-
ductivity. These points are discussed in detail in the follo
ing paper4 where our parameters are derived fromab initio
calculations on small clusters. As we stated in the introd
tion, the theory presented here is very robust and at a qu
tative level does not depend sensitively on the values
these parameters at all.

The point group of La-Sr-Cu-O isD4h and dx22y2, dz2

transform asB1g and A1g , respectively. Under asd reflec-
tion about the diagonalsx56y, sddx22y252dx22y2 and
sddz25dz2. Thus, for diagonalk vectors (kx56ky) a single
electron wave function must havedx22y2 character ordz2

character. Alongkx56ky , two bands may cross if one ban
hasdx22y2 character and the other hasdz2 character. A plot
of the top two bands~most unstable! is shown in Fig. 1 along
the closed path (0,0)2(p,p)2(p,0)2(0,0) in k space. For

TABLE I. Parameters in Hubbard model in~eV!.

edx22y2 22.403
edz2 22.092
eps

26.122
epz

20.852
tx22y2,s 1.347
tz2,s 0.514
tss 0.368
tssa 20.041
tpz ,dz2 1.076
tpz ,s 0.078
tpz ,pz

0.493
ix
nt
e
r

l

-

-
li-
r

all k points not on the diagonal, there is no symmetry to ke
dx22y2 anddz2 from mixing. Thus, the two bands will repe
leading toek

(U).ek
(L) .

The optimal doping for the highestTc is the doping that
leads to a Fermi energy equal to the energy at the b
crossing or touching point. It is at this doping and this do
ing only that there is favorable energetics for interband p
formation. Figure 2 shows the Fermi surface at various d
ing from underdoped to overdoped.

We have adjusted the charge transfer of planar Opp onto
the La described in detail in the following paper4 such that
this doping matches the experimentally observed optim
doping for La22xSrxCuO4 at x50.15. Undoped, there are
total of three electrons in theU and L bands, while forx
50.15 there are 320.1552.85 electrons in the two bands.

The z-axis ~normal to the CuO planes! dispersion is ap-
proximately calculated by observing that the dominant c
pling in thez direction is thepz orbital on the apical O above
a CuO plane coupling to thepz orbital on the apical O below
the next higher CuO plane. We take this value to beT(0,0)
50.3 eV. The coupling is added in via first-order perturb
tion theory. Our choice for this matrix element is describ
below.

The additional energy of ak state due topz to pz coupling
from layer to layer is

e~kx ,ky ,kz!522T~0,0!P cos
1

2
~kxa!cos

1

2
~kya!coskzc,

~31!

whereP is the amount of apical Opz character in thek state
(kx ,ky) derived from the 2D Hamiltonian~28!.

To incorporate the very small couplings through thepx

FIG. 1. Dispersions of theU ~solid line! and L ~dashed line!
bands.
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andpy orbitals on the apical O above a CuO plane with t
pz on the apical O below the next higher plane, an additio
energy

e~kx ,ky ,kz!522T~p,0!PFcos
1

2
~kxa!sin

1

2
~kya!

1sin
1

2
~kxa!cos

1

2
~kya!Gcoskzc, ~32!

is added. Finally, we add

e~kx ,ky ,kz!522T~p,p!P sin
1

2
~kxa!sin

1

2
~kya!coskzc,

~33!

to include the weak coupling of Cudxy with apical Opz . We
takeT(p,0)50.05 eV,T(p,p)50.02 eV.

The reason for naming the hopping matrix elements w
thek-space labels~0,0!, ~p,0!, ~p,p! is that each one is mul
tiplied by a combination of cos (1/2)kxa, cos (1/2)kya,
sin (1/2)kxa, sin (1/2)kya which is equal to 1 on the particu
lar k-space label and zero at the other two. We exp
T(0,0).T(p,0).T(p,p) .

The primary effect of adding in the abovez-axis cou-
plings is to eliminate the logarithmic 2D van Hove sadd
point singularity in the density of states of theU band by a
broadened 3D peak. The width of this peak is responsible
the T dependence~or lack thereof in YBa2Cu3O7! of the
Knight shifts in the normal state. This is shown further alo
in the calculation of the NMR.

Figure 3 shows the density of states of the two bands w

FIG. 2. Fermi surfaces at various dopings. The short dashes
for optimal doping, the long dashes are underdoping, and the s
line is overdoping.

FIG. 3. Density of states of theU ~solid line! andL ~dashed line!
bands near the optimal Fermi energy. The density units are s
per eV per spin per unit cell.
l

h

ct

-

or

h

the Fermi energy at the optimal doping indicated. The la
peak in theU band density of states just above the optim
doping Fermi energyeF50.0 eV is due to the saddle-poin
singularity at~p,0! and ~0,p!. The closeness of this peak t
eF is a robust feature of this model and is not sensitive to
choice of parameters.

Three other features of interest are shown in Figs. 4~a!–
4~c!. They show the average amount ofdx22y2, dz2, andps

character of the two bands at different energies. NeareF , the
two bands are predominantlydz2. Both of these features ar
once again robust.

C. The pairing term

There are several different choices for the detailed orb
coupling that can lead to IBP. Lacking a rigorous micr
scopic proof that IBP exists, we make a particular choice
the pairing term and compare it to experiment. We take
pairing term in Eq.~14! to be mediated by an attractive cou
pling of the form shown in Fig. 5. In this figure,dx22y2k and
dz2k are defined as

dx22y2k~r !5
1

AN
( eik•Rdx22y2~r2R!, ~34!

dz2k~r !5
1

AN
( eik•Rdz2~r2R!, ~35!

re
lid

tes

FIG. 4. Orbital characters of theU ~solid line! and L ~dashed
line! bands.~a! is thedx22y2 character,~b! is thedz2 character, and
~c! is theps character.
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whereR is the position of the Cu atom. Eventually, we w
take the origin to be a center of inversion. Figure 5 depic
dx22y2 Bloch orbital of momentum2k emitting a virtual
phonon and scattering to adz2 orbital of momentum2k8
and adz2 orbital of momentumk absorbing the phonon an
scattering to adx22y2 orbital of momentumk8. Equations
~34! and ~35! define the phase convention of thedx22y2 and
dz2 Bloch functions and the matrix elementUk8k . The cou-
pling Vk8k in Eq. ~14! is calculated by projecting onto th
above dx22y2, dz2 scattering. Physically, what is accom
plished is quite straightforward. The attractive coupling b
tween two single-electron statesk, 2k in the same band o
two different bands is due primarily to the attractive coupli
of thedx22y2 orbital component of one electron with thedz2

component of the other electron. One reason that such a
pling may arise is from the dynamic Jahn-Teller effect wh
acts to split the orbital degeneracy at the crossing point.
other reason is due to thedx22y2 k states localizing the elec
tron charge in the plane, whereas thedz2 2k state localizes
the charge out of the CuO plane thereby reducing the C
lomb repulsion.

An attractive coupling mediated by projection onto t
diagram in Fig. 5 is also possible for (k↑,2k↓) pairs in the
sameband leading to a traditional BCS pairing term. Thu
one is faced with the possibility that BCS-like intraband pa
ing may win out over IBP. This possibility is not realized fo
k states near the band crossing point by the same kinem
that allows a band crossing to occur along the diagon
(kx56ky). In order to have a large BCS-like pairing for
Cooper pair (k↑,2k↓) in the same band with ak state near
the crossing point one requires a substantial amount of b
dx22y2 anddz2 in the k state. Near the band crossing poin
the approximatesd diagonal reflection symmetry preclude
that leading to a suppression of BCS-like pairing by t
above pairing mechanism. Also, because theU and L k
states are almost degenerate here, the system may fu
lower its energy by forming a puredx22y2 and a puredz2

state in order to maximize the pairing coupling. Such sta
should be considered as vibronic. Atk points away from the
diagonals, BCS-like pairing can occur and for arbitrary do
ings, too.

Including BCS-like intraband pairing by projection of Fig
5 as we did for IBP is straightforward. Rather than diagon
izing a 232 matrix as we did in deriving Eqs.~15!–~27!, we

FIG. 5. Feynman diagram for the pairing term with matrix e
mentUk8k .
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must diagonalize a 434 matrix. This is not difficult to do
and leads to more complicated quasiparticle energies
Eqs. ~23! and ~24!. To properly include BCS-like pairs, we
should not restrict ourselves to the single diagram in Fig
There are other combinations of interband to BCS-like p
scatterings that may become important.

Physically, what occurs is near the band crossing point
the diagonals, interband pairs are formed because one ba
almost puredx22y2 ~with some O character! and the other
band is almost puredz2 ~again with O character!. Away from
the Fermi-surface touching point, only BCS-like pairs a
kinematically allowed leading to standard BCS pairs for t
k states. Thus, one would expect to observe a gap in
photoemission fork vectors away from the diagonal as
observed19 for angle-resolved photoemission on bismu
2212. We also find that the pseudogap20 behavior can be
explained by IBP and our calculated band structure.21

Owing to the separation of the pairs along the diago
into one band with nodx22y2 character and the other with n
dz2 character, pairs are most strongly formed here than at
otherk point. This suggests that the dominant contribution
the Josephson tunneling current will come from IBP alo
the diagonals and we assume this is true unless such a
rent is rigorously zero.

Let

fUk5AUkdx22y2k1BUkdz2k1other terms, ~36!

fLk5ALkdx22y2k1BLkdz2k1other terms, ~37!

wherefUk andfLk are the band wave functions andAk , Bk
are the projections onto the Bloch functions in Eqs.~34!,
~35!. Then,

aUk
† 5AUkdx22y2k

†
1BUkdz2k

†
1¯ , ~38!

aLk
† 5ALkdx22y2k

†
1BLkdz2k

†
1¯ , ~39!

and

dx22y2k
†

5AUk* aUk
† 1ALk* aLk

† 1¯ , ~40!

dz2k
†

5BUk* aUk
† 1BLk* aLk

† 1¯ . ~41!

The pairing Hamiltonian term is

Uk8k~dx22y2k8↑
† dz22k8↓

† dx22y22k↓dz2k↑

1dx22y2k8↓
† dz22k8↑

† dx22y22k↑dz2k↓!. ~42!

Projecting onto Eq.~14!,

Vk8k5~AUk8BL2k8!* ~AUkBL2k!Uk82k

1~BUk8AL2k8!* ~BUkAL2k!U2k8k

1~AUk8BL2k8!* ~BUkAL2k!Uk8k

1~BUk8AL2k8!* ~AUkBL2k!U2k82k . ~43!

Under the phase change in Eqs.~10! and ~11!

AU,Lk→eiuU,L~k!AU,Lk , ~44!

BU,Lk→eiuU,L~k!BU,Lk , ~45!
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and thusVk8k transforms as Eq.~12!.
Now every cuprate space group includes the invers

operator. We define the origin from whichR in Eqs.~34! and
~35! is defined as a point of inversion. With this choice it
easy to see that the coefficientsAU,Lk , BU,Lk must always
satisfyAk* Bk5real.

In general, the electron-phonon matrix element that
pears at each vertex in the Feynman diagram in Fig. 5 is
sum of terms of the form

i ~elq•q!Vlq~cql1c2ql
† !E eiq•rdx22y2k8

* ~r !dz2k~r !dt,

~46!

wherel is the phonon polarization andq is its momentum.
cql is the destruction operator andVlq is the Fourier trans-
form of the phonon potential andelq is the polarization vec-
tor. Inversion symmetry guaranteesVl2q5Vlq , Vlq is al-
ways real and also that the integral in Eq.~46! over the
electron states is real.

Using Eqs.~34! and ~35!, the integral in Eq.~46! is

E eiq•rdx22y2k8
* ~r !dz2k~r !dt

5
1

N E eiq•r (
RR8

e2 ik8•R8eik•Rdx22y2~r 2R8!dz2~r 2R!.

~47!

Taking the largest contribution to be whenR85R,

E eiq•rdx22y2k8
* ~r !dz2k~r !dt5E eiq•rdx22y2~r !dz2~r !dt.

~48!

Plugging this back into Eq.~46!, we see that the produc
of the two electron-phonon matrix elements due to the t
vertices in Fig. 5 is always positive with the phase conv
tion defined in Eqs.~34!, ~35! where the origin ofR is an
inversion center. With BCS-like pairing, time-reversal sy
metry of the Cooper pairs is sufficient to guarantee the pr
uct of the two vertices is always mod-squared and thus p
tive.

Therefore, with our definitions of thedx22y2, dz2 Bloch
functions, we may take the total couplingUk8k from Fig. 5 to
be s like,

Uk8k5H 2V, uek
~U,L !2mu,\vD and uek8

~U,L !
2mu,\vD ,

0, otherwise,
~49!

leading to

Vk8k5~2V!~AUk8BL2k81BUk8AL2k8!*

3~AUkBL2k1BUkAL2k!. ~50!

The reason we have chosen the above range ofk8, k val-
ues for nonzero pairing is seen by considering the relev
Feynman diagram in Fig. 5. The value is
n

-
e

o
-

-
-
i-

nt

1

2 F 1

@ek8
~U !

2ek
~L !#22\2v2

1
1

@ek8
~L !

2ek
~U !#22\2v2G•~AUk8BL2k81BUk8AL2k8!*

3~AUkBL2k1BUkAL2k!M
2, ~51!

whereM2 is a real positive number. If the constraints in E
~49! are satisfied, then the term in brackets is negative.

D. Interband Josephson tunneling

In BCS theory, a Cooper pair is of the formfk↑f2k↓ and
transforms into itself under the operation of time revers
For pairing across two distinct bands as we propose, the
fUk↑fL2k↓ transforms intofLk↑fU2k↓ and not into itself
under time reversal. Of course, the full Hamiltonian rema
time-reversal invariant. This key difference alters the st
dard Josephson tunneling in a subtle yet dramatic way
leads to a new interpretation of the macroscopic phase
superconductors.

Consider first the case of Josephson tunneling of a B
like Cooper pair on one side of a junction to a BCS-like p
on the other side of the junction. We will neglect all facto
in the expression for the supercurrentJ contributing only to
the magnitude and not to the phase ofJ. The phase of the
pair tunneling matrix element for the transfer of a (k↑,
2k↓) pair to a (p↑,2p↓) pair is contained in the product o
two single-electron tunneling matrix elements,Tkp and
T2k2p and the product of the two gap functions,Dk* andDp8
on either side of the junction. This leads to supercurrent18

J}TkpT2k,2pDkDp8* 5uTkpu2DkDp8* . ~52!

In this expression,Tkp is the matrix element for the transfe
of a single electron of momentumk to an electron of mo-
mentump, T2k2p is the corresponding matrix element fo
transferring the2k electron to2p and Dk ,Dp8 are the gap
functions on the two sides of the junction. By overall tim
reversal symmetry,T2k2p5Tkp* . Thus, the supercurrent i
completely controlled by the phases of the superconduc
gap functions on each side of the junction. The phases of
gap functionsD,D8 are determined by the symmetry of th
pairing interactions for each superconductor. Thus, for
BCS-like pairing models, Josephson tunneling gives dir
information of the symmetry of the gap.

For IBP, the situation is dramatically different. Suppo
we tunnel from an interband superconductor to a BCS su
conductor. With Cooper pairing across bands, the matrix
ement for transferring a momentumk electron in theU band
to a momentump electron on the other side of the junctio
Tkp

(U) , is different from the matrix element for transferring
2k electron in theL band to a2p electron on the other side
of the junction T2k,2p

(L) . Although, T2k,2p
(U) 5Tkp

(U)* and
T2k,2p

(L) 5Tkp
(L)* by overall time-reversal symmetry, the pha

part of the pair transfer-matrix element is of the form

J}Tkp
~U !T2k,2p

~L ! DkDp8* . ~53!

In the case of interband pairing,the symmetry of the pairing
interactions and the orbital character of the band wave fun
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tions both contribute to the overall tunneling phase. Under a
redefinition of the single band wave functions~10!, ~11!,

Tkp
~U,L !→eiuU,L~k!Tkp

~U,L ! , ~54!

and from the gap equation~26!,

Dk→e2 i @uU~k!2uL~k!#Dk, ~55!

leading to no change inJ. Note also that the above result
independent of the phase convention of the band orbitals
the BCS side of the junction because if an electron of m
mentump is multiplied by a phase factoreiu, then the phase
of the 2p electron is multiplied bye2 iu.

Remember that as we argued in the previous section
take the dominant supercurrent to be due to the interb
Cooper pairs near the diagonal crossing points.

Let us apply our relation~53! for the supercurrent to the
four key Josephson tunneling experiments on YBCO. T
first one by Wollmanet al.2 on a YBCO-Pb corner junction
is the simplest. We have shown that the phase of the su
current is independent of the choice of single-particle wa
functions. In this experiment, tunneling occurs along the t
perpendicular Cu-O bond directions in the CuO planes
YBCO ~x andy axes! which are connected by a Pb wire. P
is a BCSs-wave superconductor. A phase difference ofp
implies ad-wave gap, whereas no phase difference imp
an s-wave gap. Ad-wave result is obtained.

Let Tkp
(U,L)(x) be the matrix element for tunneling ak

electron in theU or L band to ap electron in Pb along thex
axis. Choose the phase convention on thek states such that a
90° (C4) rotation of the wave function fork is equal to the
wave function for momentumC4k. Then, we must have
TC4k,C4p

(U,L) (y)5Tkp
(U,L)(x). From Eqs.~36! and~37!, our phase

convention gives

AU,L~C4k!52AU,L~k!, ~56!

BU,L~C4k!51BU,L~k!. ~57!

Using the gap equation and the expression~50! for Vk8k ,

Dk5D~AUkBL2k1BUkAL2k!* . ~58!

Hence,

DC4k52Dk , ~59!

leading to the result

J~C4k→C4p!52J~k→p!. ~60!

Therefore, our IBP model also gives an observed ‘‘d-wave’’
gap.

For the tricrystal experiment of Tsueiet al.,3 we use the
fact that fork near the Fermi surface touching point,fUk has
almost nodz2 character andfLk has almost nodx22y2 char-
acter or vice versa. For such ak vector,BUk'0, ALk'0 ~or
AUk'0, BLk'0! and we can take the phase conventionAUk ,
BLk real with AUk.0, BLk.0 ~or BUk.0, ALk.0!. With
this convention,Dk is real andDk.0.

Suppose adx22y2 orbital on one side of the grain bound
ary tunnels predominantly into adx22y2 state on the othe
side of the boundary, and thusdz2 on one side goes predom
n
-

e
d

e

er-
e
o
f

s

nantly todz2 on the other side. Then, the matrix element f
dx22y2→dx22y2 is proportional to cos 2u cos 2f where u
and f are the orientations of thex and y axes in the CuO
planes with respect to the grain boundary. Similarly, t
dz2→dz2 matrix element has no orientation dependence
is thus constant.

Suppose instead, that the dominant tunneling isdx22y2

→dz2 and dz2→dx22y2. In this case, one matrix element
proportional to cos 2u and the other is proportional to cos 2f
leading the pair tunneling product cos 2u cos 2f as before.

Taking the product of the various factors in Eq.~53!, we
see that the phase controlling the current is the same as
expected from adx22y2 gap as is observed.

For the c-axis YBCO-Pb tunneling of Sunet al.,13 an
analysis similar to the YBCO corner junction case shows t
the interband pairs do not contribute to the current. In t
case, the current due to BCS-like pairs must be considere
is easy to see that if the dominant coupling of BCS-like pa
is to interband pairs as described above, then the BCS-
pairs aredx22y2 wave.

For the hexagonal YBCO tunneling of Chaudhari a
Lin,14 the situation is different from the tricrystal YBCO i
one very important manner. Here a hexagonal MgO laye
placed on the LaAlO3 substrate and then YBCO is grow
onto the sample. The hexagonal MgO causes YBCO to g
above it with its planarx, y axes rotated 45° from the angl
of the YBCO grown directly over the LaAlO3 substrate.
Thus, we expect a misalignment of the CuO planes acr
the six junctions complicating the matrix elements that a
pear for interband pair tunneling. Unfortunately, we ha
been unable to find a convincing argument telling us whet
interband or BCS-like pairs dominate the single-electron m
trix elements in this case.

III. NORMAL-STATE NMR AND TRANSPORT

A. NMR

Armed with our parameters for the relevant bands and
criteria derived from IBP that the optimal doping is when t
two Fermi surfaces touch, it is very easy to compute
normal-state NMR and transport properties using stand
expressions for the NMR and the Bloch-Boltzmann equat
for the transport. It is quite satisfying that not only can w
understand qualitatively the numerous anomalous feature
the NMR and transport as due to the character of the band
this very special doping, but quantitatively the numbers
respectable.

The key normal-state NMR features5–11 that a theory for
the cuprates must explain are:~1! the difference in the relax-
ation rate curves with temperatureT for the Cu and O nuclei
in the plane,~2! the similar Knight shifts~KS! at the two
sites,~3! the similarity of the O relaxation rate overT and the
KS, ~4! the lack ofT dependence of the KS for optimall
doped YBCO7 and a monotonic increasingT dependence of
the KS for optimally doped La-Sr-Cu-O and underdop
YBCO6.63, ~5! the strictly monotonic decreasing Cu rela
ation rate overT for optimally doped YBCO7 and the ini-
tially increasing and then decreasing Cu relaxation rate o
T for underdoped YBCO6.63 and optimally doped La-Sr-
Cu-O, and~6! the large anisotropy of the Cu relaxation ra
for magnetic fields in the plane and along thez axis.
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Figure 2 shows the two-band Fermi surfaces at optim
doping. The electronlike band centered atk5(0,0) is the
U~pper! band and the holelike surface centered around~p,p!
is the L~ower! band. Both bands are occupied atk5(0,0)
and unoccupied at~p,p!.

Figure 3 shows the density of states for the two ban
The first thing to notice is that at the Fermi energyeF , theL
band has the lower density of states. We expect that
band predominantly carries the current and being hole
will give a Hall coefficient with the correct sign. The larg
peak in the density of states of theU band at an energy a
little larger ~'0.06 eV! than eF is due to the saddle-poin
singularity at~p,0!, ~0,p! for the U band. The width of the
peak is due primarily to the overall strength of thez axis
couplings. This width is very sensitive to the details of t
structure. This sensitivity controls theT dependence of the
KS. The other aspects of the density of states are robus

Considering first the Cu spin relaxation, the two releva
orbitals aredx22y2 anddz2. Because there is no orbital relax
ation between these orbitals regardless of the magnetic-
direction, the relevant relaxation is dipole-dipole. We w
neglect here the core polarization relaxation which we exp
will not change the qualitative conclusions. The relaxat
rate for az-axis magnetic field is given by

FIG. 6. Bare density of states fordx22y2, dz2, andps orbitals for
the U ~solid line! and L ~dashed line! bands and the total bar
density of states~dotted line!.
l
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63Wz52S 2p

\ D ~gegh\!2E de f ~e!„12 f ~e!…

3 K 1

r 3L 2

@Wdip
z ~e!1Worb

z ~e!#, ~61!

Wdip
z ~e!5S 1

72D @6Ndx22y2~e!Ndz2~e!1Ndx22y2~e!Ndx22y2~e!

1Ndz2~e!Ndz2~e!#, ~62!

Worb
z ~e!50, ~63!

whereN(dx22y2)(e) andN(dz2)(e) are the total bare densit
of states at energye and f (e) is the Fermi-Dirac function.

The relaxation rate for a planar field63Wxy is identical to
63Wz above withWdip

z andWorb
z replaced with

Wdip
xy 5S 1

72D S 5

2D @Ndx22y2~e!Ndx22y2~e!1Ndz2~e!Ndz2~e!#

1S 3

72DNdx22y2~e!Ndz2~e!, ~64!

Worb
xy 50. ~65!

Figures 4~a! and 4~b! show the amount of orbital charac
ter of dx22y2 and dz2 in the U and L bands. The total bare

FIG. 7. Spin-relaxation rates overT of Cu for z axis and planar
fields. In ~b!, the contribution due todxy is not included.
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12 318 PRB 58JAMIL TAHIR-KHELI
density of states fordz2 say, is the amount of orbital charac
ter of dz2 in the U band times the density of states of theU
bandNU(e) plus a corresponding term for theL band. Fig-
ures 6~a!–6~c! are plots of the bare density of states for ea
orbital due to each band and the total bare density of sta
In all calculations of the NMR and Hall effect, the temper
ture dependence of chemical potential has been taken
account.m decreases about 531023 eV from T50 to T
5300 K. Finally, plots of63Wz /T and 63Wxy /T are shown
in Figs. 7~a! and 7~b! where we have used the value22

^1/r 3&56 a.u.. The curves show the characteristic peak
T value greater thanTc and the order of magnitude of th
rate is consistent with experiment.7 With the above figures
and expressions for the relaxation rates we can qualitati
see why the correct behavior is obtained.

There are two different ways an electron may relax a
nucleus: one by intraband~U electron toU electron orL
electron toL electron!, or two, by the interband processesU
to L andL to U. Due to the larger density of states of theU
band, intrabandL to L relaxation is small. This leaves th
relaxation rate to be determined by theU to U intraband
scattering andU to L ~L to U! interband scattering. TheU to
U scattering leads to an increase ofW/T due to the sharp
increase in theU band density at the saddle-point singulari
On the other hand, the contribution from the interband te
must decrease due to the closeness of the Fermi energy t
very top of theL band and therefore the vanishing of th
density of states. The competition of these two terms gi
the final result shown. Regarding the Cu KS, only theU to U
contribution andL to L contribution can appear because t
KS comes from diagonal elements of the electron-nuc
Hamiltonian. TheU to U KS contribution dominates theL to
L KS contribution due to the larger density of states of theU
band as before leading to a monotonically increasing KS
the hyperfine couplings have the correct sign. The sign of
couplings will be discussed later on, but we can now see
the Cu KS andW/T will have different temperature depen
dences as observed.

It is pleasing to find that our calculated value for the
laxation rate has the correct order of magnitude~experimen-
tally, 63Wz /T'20 s21 K21 at 100 K versus our value of 7.
s21 K21!. Our calculation has completely neglected the
fects of the Cu 4s contact term and secondarily, the co
polarization contribution. Also, our calculated percentage
crease from 30 K to the peak is about 3% versus an exp
mental increase of'10–20% and the percentage decrea
from the peak value to the 300 K value is 15% versus
observed'50%. In spite of these differences, the qualitati
behavior is correct and this is the most important asp
given the level of calculation used in deriving the Hubba
model parameters.

As we can see from Figs. 7~a! and 7~b!, the relaxation
anisotropy of'3.4 is not accounted for with the prese
model. What is missing here is a small amount ofdxy orbital
character in our bands.dxy is the next most unstable C
orbital by ligand field theory afterdx22y2 anddz2. Including
somedxy character affectsWxy dramatically because now
orbital relaxation is permittedWorb

xy Þ0, whereasWorb
z re-

mains zero. Includingdxy makes

Worb
xy ~e!54Ndx22y2~e!Ndxy

~e!, ~66!
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Worb
z 50. ~67!

There are also additional terms due todxy in the dipole-
dipole terms~62!, ~64! but these are small and cannot a
count for the anisotropy. We neglect them here.

The coefficient of 4 in front ofWorb
xy is about 30 times

larger than the first coefficient in Eq.~62! and more than two
orders of magnitude greater than the other coefficients
Wdip

z . Thus,dxy character on the order of a few percent w
lead to a contribution to63Wxy as large as the dipole term
leading easily to an anisotropy factor commensurate w
experiment.

For the planar O sites, the relevant orbital isps . The O
2s will be considered later. The lack of a second major
orbital near the Fermi surface and also the fact that at~p,p!
there is no mixing of antibonding~most unstable! ps ~sym-
metryB1g! with dz2 (A1g) are the differences between O an
Cu that lead to the different spin-relaxation rate temperat
dependences. Figure 4~c! shows the amount ofps character
on an O site at various energies. Figure 6~c! shows theps

bare density of states due to theU andL bands and the tota
bare density of states.

We can see that the contribution to the bare density
states due to theL bandNL,ps

(e) is small compared to theU

band termNU,ps
(e) leading to a small contribution to th

relaxation rate due to theL band. This is due to theL bandk
states near the Fermi energy being close to~p,p!. At ~p,p!,
dz2 couples to the neighborings orbitals which must be in a
bonding configuration. This bonding set ofs orbitals is sta-
bilized by thetss term. Thus, to create the most unstabledz2

configuration at~p,p!, we cannot have a large amount ofps

character leading to the small value forNL,ps
(e) near the

Fermi energy.
There are three distinct directions for the magnetic field

the O site with different relaxation rates. These are thez-axis
normal to the CuO planes, thes axis along the Cu-O bond
direction, and the perpendicular axis' normal toz and s.
With only the ps to consider, the relaxation alongz and'

are equal,17Wz5
17W'Þ17Ws .

The expressions for17Wz , 17Ws are of the same form a
for Cu Eq. ~61! with the crude approximation̂ 1/r 3&
'3 a.u. determined byab initio calculations andgn the gy-
romagnetic ratio of the17O nucleus. With only aps contrib-
uting, there is no orbital relaxation in any direction of th
magnetic field

17Worb
z 517Worb

s 517Worb
' 50. ~68!

The dipole-dipole relaxation term is

Wdip
s 5S 1

52DNps
~e!Nps

~e!, ~69!

Wdip
z 5Wdip

' 5S 5

2DWdip
s . ~70!

A plot of the 17Ws relaxation is shown in Fig. 8. The other
are simply 2.5 times larger. This relaxation is monoton
increasing due to the bare density ofps due to theL band
being small.
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There remains one orbital that can make a large contr
tion to the relaxation due to its large hyperfine coupling
the nucleus that we have not yet considered. That is the Os
orbital. A very small amount of 2s can have a large effect o
17W without making any change in our calculated ba
structure. At~p,p!, the L band has nodx22y2 character and
by symmetry no 2s character either. Thus, similar t
NLps

(e), there is almost no contribution to the O 2s bare

densityN2s(e) due to theL band leading to the same mon
tonic increasing behavior as in Fig. 8. O 2s will make a
large change to the absolute value of the relaxation r
Without estimating the size of the 2s contribution, we cannot
compare our answer in Fig. 8 to experimental data on La
Cu-O. Without O 2s, the values in Fig. 8 are about an ord
of magnitude too small.7

The KS on the O sites is due to the O 2s Fermi contact
interaction, theps orbital dipole coupling, and core polariza
tion. In Fig. 9, we simply plot the KS,

Ks522Kz522K'5S 8

5D K 1

r 3L mB
2E S 2

] f

]e DNps
~e!de,

~71!

due to theps dipole-dipole term. Since the 2s and core po-
larization shifts are isotropic, our curve may be compared
the axial KS,Kax52(Ks2K')/3. The monotonic increase i
the shift is due to the sharp increase in theU band density of
states aboveeF due to the saddle-point singularity at~p,0!,
~0,p!.

The KS involves only one factor ofNps
(e), while the

relaxation containsNps
(e)2. Thus, there is no way17W/T

}Ks is strictly possible, although from the figures, the agr
ment is not far off.

For the Cu KS, we need to introduce the effects of the
4s orbital and the twopz orbitals above and below the Cu o
the apical oxygens. Experimentally, the Cu KS for az-axis
field is T independent, while for planar fields the shift
monotonic increasing with increasingT. As we discussed
the dominant contribution to the shift will come from th
bare density of states for the orbitals from theU bands. If we
can somehow show that the hyperfine couplings are pos
for planar fields and zero for thez-axis field, then we should
expect a curve similar to Fig. 9 for Cu KS.

The Cu KS along thez-axis and planar directions is th
sum of

FIG. 8. Relaxation rate overT for O with field along Cu-O bond
direction.
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63Ka5Ka
dip~dx22y2!1Ka

dip~dz2!1Ka
contact~4s!1Ka

cp

1Ka
dip~dz2,4s!, ~72!

where a is the field directionz or planar, Kdip(dx22y2),
Kdip(dz2) are the dipole shifts due to thedx22y2 and dz2

orbitals,Kcontact(4s) is the Fermi contact shift,Kcp is the core
polarization shift, andKdip(dz2,4s) is the dipole contribution
due to the interference ofdz2 and 4s. The expressions for the
first four terms are

Kz
dip~dx22y2!522Kxy

dip~dx22y2!

52
8

7 K 1

r 3L mB
2E S 2

] f

]e DNdx22y2~e!de, ~73!

Kz
dip~dz2!522Kxy

dip~dz2!

51
8

7 K 1

r 3L mB
2E S 2

] f

]e DNdz2~e!de, ~74!

Kz
contact~4s!5Kxy

contact~4s!

5
16p

3
uc4s~0!u2mB

2E S 2
] f

]e DN4s~e!de,

~75!

Kz
cp5Kxy

cp52~2a!K 1

r 3L mB
2E S 2

] f

]e D
3@Ndx22y2~e!1Ndx2~e!#de. ~76!

We take the valuea50.33 ~dimensionless! from Abragam
and Bleaney.22 c4s(0) is the value of the 4s orbital at the
nucleus.

The dz2, 4s interference term is evaluated by taking th
mean value of a band wave function at the Fermi surf
with the dipole Hamiltonian. Let

fk5Akdx22y2k1Bkdz2k1Ckc4sk1¯ , ~77!

wheredx22y2k , dz2k are defined in Eqs.~34!, ~35! andc4sk is
defined similarly. Then,

FIG. 9. Os direction Knight shift due tops .
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^fkuHdipufk&5~22mB!~gn\!@ I xSx1I ySy22I zSz#•H S 2
2

7 K 1

r 3L D uAku21S 1
2

7 K 1

r 3L D uBku21S 1

A5
K 1

r 3L
z2,s

D
3~Bk* Ck1BkCk* !J 1term involving~Ak* Ck1AkCk* !, ~78!
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K 1

r 3L
z2,s

5E
0

1`

r 2dr Rdz2~r !S 1

r 3DR4s~r !, ~79!

whereI is the nuclear spin andRdz2(r ), R4s(r ) are the radial

parts of thedz2 and 4s orbitals, respectively, with normal
izations

E
0

1`

r 2dr Rdz2~r !25E
0

1`

r 2dr R4s~r !251. ~80!

Averaging over the Fermi surface, the interference te
AkCk* 1Ak* Ck due todx22y2 and 4s becomes zero due to th
different symmetries ofdx22y2 and 4s (B1g and A1g!. The
first two terms in Eq.~78! lead toKdip(dx22y2)1Kdip(dz2)
and the third term gives

Kz
dip~dz2,4s!5S 8

A5
D K 1

r 3L
z2,s

mB
2E S 2

] f

]e D ^Bk* Ck&N~e!de,

~81!

Kxy
dip~dz2,4s!52

1

2
Kz

dip~dz2,4s!, ~82!

where ^Bk* Ck& is the mean value ofBk* Ck over the Fermi
surface andN(e) is the total density of states of the ban
Depending on the sign of^Bk* Ck&, the shift due to the inter-
ference term can be positive enhancing the field due todz2,
or negative decreasing the net magnetic field ofdz2. The bare
dz2 and 4s density of states from this band are^uBku2&N(e)
and^uCku2&N(e). Since only one power ofCk appears in Eq.
~81!, ^Bk* Ck& can be large althougĥuCku2& may be small.

The baredx22y2 density of states is smaller than thedz2

density of states at the Fermi energy leading to a net pos
shift from K(dx22y2)1K(dz2) along thez direction and a net
negative shift along the plane.Kcontact(4s) is isotropic and
always positive.

At all k vectors on the Fermi surface, thedz2 andpz’s on
the apical O form an antibonding combination leading to
larger amount of 4s character than one expects from adx22y2

band. Thus, if thedz2, 4s interference term leads to a neg
tive ^Bk* Ck& that is sufficiently large, the net effect o
K(dx22y2)1K(dz2)1K(dz2,4s) leads to a dipolar field
which is negative in thez direction and positive along th
plane. We shall assume that due to the charge donation o
apical Opz to the Cu 4s, this is the case. With this assum
tion, we can see how the net shift on the Cu due to az-axis
field can add to zero while simultaneously leading to posit
shifts for planar fields. In Eq.~72!, the contribution toKa
e

a

he

e

from the contact and core polarization terms should be a
isotropic positive value. Without the interference shift~81!,
there is no way thez-axis shift can add to zero. Figure 1
shows theT dependence of thez-axis shift ofK(dx22y2) and
2K(dz2). These curves have approximately the sameT de-
pendence as the O shift and17W/T.

The above considerations also show why for fully dop
YBCO7, the T dependence of the shifts and17W/T are al-
most constant. If there is more dispersion in thez direction of
the dz2 orbital, then the saddle-point peak in theU band
density of states will be broadened. If the plateau is su
ciently broad to extend all the way to the Fermi energy or
~p,0! and ~0,p! saddle-point singularity is sufficiently fa
away from the Fermi energy, then the shifts and O relaxat
will become T independent. For optimally doped YBCO7,
there are no vacancies in the chains and one can expect
3D dispersion from thedz2 orbital.

B. Hall effect and resistivity

Since the density of states for theL band is smaller than
for the U band in the vicinity of the Fermi energy at th
crossing point, we take theL band as the primary carrier o
current. The Hall coefficientRH is the ratio of the transvers
conductivitysxy and the conductivitys squared. Using stan
dard Boltzmann theory23

sxy5S me
2V0

\ D S 1

V D(
k

S 2
] f

]ek
D vkyFvky

]

]kx
2vkx

]

]ky
Gvkx

,

~83!

s5meV0S 1

V D(
k

S 2
] f

]ek
D vkx

2 , ~84!

RH5S V0

qcD sxy

s2 , ~85!

FIG. 10. Thez-axis Cu Knight shifts.Kdx22y2 has been multi-
plied by 10 in this graph. TheT50 values have been subtracted
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whereme is the electron mass,V0 is the primitive unit-cell
volume V0596 Å3, V is the total volume,q52ueu,0 is
the electron charge, andc is the velocity of light. vk
5¹kek /\ is the velocity. We have multipliedsxy ands by
the appropriate factors ofme andV0 to make the expression
in Eqs. ~82! and ~83! dimensionless and have neglected t
scattering rate 1/t in these expressions because forRH , t
does not appear. We may also definesxy(e) and s~e! by
replacing the Fermi-Dirac function2] f /]ek by the delta
function d(ek2e) in Eqs.~82! and ~83!. Then

sxy5E sxy~e!S 2
] f

]ek
Dde, ~86!

s5E s~e!S 2
] f

]ek
Dde. ~87!

Figure 11 is a plot ofsxy(e) ands~e! and Fig. 12 shows
the temperature dependence of the Hall coefficient at opti
doping. The absolute magnitude ofRH is about ten times
larger than observed values for La-Sr-Cu-O, but the ca
lated percentage change ofRH from 100–300 K is'40% in
good agreement with experiment12 ~'50%!.

These curves were calculated taking the smallz-axis dis-
persion parametersT(0,0) , T(p,0) , and T(p,p) in Eqs. ~31!–
~33! to be zero. This was done to simplify the computatio
sxy(e) changes very rapidly for energies higher than
Fermi energy at the band touching point, whereas the cha
in s~e! is not as dramatic.

FIG. 11. Plots of theL bandsxy(e) ands~e!.

FIG. 12. Temperature dependence of theL band Hall coeffi-
cient.
al

-

.
e
ge

The abrupt change insxy(e) is due to the two-band cross
ing point. Near the Fermi energy of the crossing point,
repulsion of the two bands for nondiagonalk vectors strongly
affects the shape of the two Fermi surface leading to a la
curvature for theL band. At energies slightly higher than th
Fermi energy, theL band surface is not affected by the pre
ence of theU band and the Fermi surface becomes ‘‘sma
leading to the reduced curvature. The overallT dependence
of RH is due to the combinedT dependences of boths and
sxy rather than solely due tosxy as one would expect from a
first glance at Fig. 11. We can see that the presence of
two-band crossing point and the association of optimal
perconductivity with this point is the root cause of the stro
anomalous temperature dependence of the Hall coefficie

There are several possible explanations for our calcula
value forRH being more than ten times too large. The mo
obvious one is the neglect of next-nearest-neighbor hopp
terms in our Hubbard model. The second cause is due to
2D approximation to the band structure. A more detai
description than ours of thez-axis dispersion is required. Th
third reason is the neglect of the contribution from the el
tronlike surface of theU band. Finally, more refinedab initio
calculations than the ones performed in the following pa
on the CuO6 complex embedded in the point-charge field
La-Sr-Cu-O will change the parameters used in our Hubb
model.

The resistivity due to scattering with phonons should
linear at the optimal doping for two reasons:~1! the Fermi
surface for theL band is ‘‘small,’’ and~2! at optimal doping
the electron current can strongly relax by scattering to aU
electron state. At optimal doping, theU band Fermi surface
touches theL band surface leading to nearby states ink space
with very different currents. TheT dependence ofs compli-
cates this scenario becauses is proportional to the effective
number of charge carriers in the band. It is unclear how thT
dependence of the relaxation rate 1/t could cancel this de-
pendence. If a full-blown 3D model was used instead of o
2D model with the third dimension included as a perturb
tion, we believe that the temperature dependence ofs would
become small whilesxy would remain veryT dependent.

IV. CONCLUSIONS

We have presented a model for superconductivity of
cuprates based on the idea that Cooper pairs are formed
electrons between two distinct bands. This leads naturall
associating optimal doping with a Fermi surface touch
point of the two bands. We have postulated the characte
the two bands to arise fromdx22y2, dz2, O ps , and apical O
pz orbitals. A Hubbard model for these bands is setup and
calculate some normal-state consequences of the mo
With our model, many of the anomalous features of t
normal-state NMR, Hall effect, and resistivity are explain
qualitatively and to varying degrees quantitatively. The p
mary reason for the anomalous normal-state properties is
to the optimal doping being at the Fermi-surface touch
point.

We show that interband pairing alters the standard in
pretation of Josephson tunneling. With interband pairs,
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detailed nature of the single-particle tunneling matrix e
ments plays a prominent role. We show that with this pie
of physics, three of the four Josephson tunneling experim
are explained by our model with a phonon-mediated attr
tive coupling.

The parameters in the Hubbard model used in this pa
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are derived in the following paper by Perry and Tahir-Kh
from calculations on a CuO6 cluster for La22xSrxCuO4. We
conclude there that contrary to band-structure calculati
where only one band with Cudx22y2 and Ops character is
found, two bands exist at the Fermi energy with the chara
described above.
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